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This article tries to explore the formalism of generalised measurements in quan-
tum mechanics and whether they can be represented as projective measures in
a larger hilbert space. This article is strongly influenced by a lecture [I].

Motivation

Many axiomatisations of quantum mechanics have a measurement postulate[2].
It specifies the probability of measuring the system to be in a certain state and
the post-measurement state. Consider the system to start out in the state,

) = al0) +51)
where the hilbert space is,
Hy = span{[0), 1)}, (1)
which is just a qubit state.

The usual bornesque axiom is to assume that the probability to obtain state |0)
is |a|® and that the post-measurement state is simply |0).

P(0) = |al” = (0]) (¥]0) = (0] p|0) = tx(|0) (0] p[0) (O])

where P is the probability of obtaining state 0 and p is the density matrix
corresponding to |7,/1>E| Also, the post measurement state is given by,

10) 0 p10) {Of
tr(|0) (0 |0} (O])

Here p = |1b) (3b|. Everything done here works directly for density matrices generally so
they would be used in the remainder of the article.

o= 10) (0] =




This means that for a generic hilbert space H = span{|i)}, defining the projector
operators asEL
P = |m) (ml|,
the probability of and state after measurement outcome m is,
P(m) = tr(PmpPl,)
/ PmpPIn PmpPIn

Pm = tr(PmpPIn) B P(m) ’

and this is the usual projective measurement.

Generalised Measurements and POVM{|

A set of generalised measure operators is Sy = {M,,} where the operators need
no longer be hermitian or orthogonal but need to satisfy,

1= M M,. (2)

The probability and post-measurement state are now given by,

Pgy(m) = tr (MmpMIn)
pl — MmpMjn
" P(m)

and the normalisation of probability is maintained (using equation ,

ZPSM (m) = Ztr(MmpM:fn) =tr ((Z MIan)p> =tr(p) = 1.

m m

For the given set of measure operators one can define the set of povms as,
Se = {Em} = (M[,Mn},
which therefore satisfy,

1=> En. (3)

But also note that the operators are now positive (which need not be the case
for the measure operators Sy). That is,

V) € H, (Y[Em [¥) 2 0.

2Note that these are orthogonal projection operators. They are hermitian.
3Standing for Positive Operator Valued Measures




Given any set of positive operators Sg that satisfy equation [3] they form a set
of povms with,
Pse(m) = tr(Epp).

Also, a set of generalised measure operators can always be found for a given
set of povms. As the operators in Sg are positive, they are hermitian and
diagonalizable meaning they can be expanded in a diagonal orthonormal basis
with positive coefficients a; as,

Em = ailes) (eil
which means that a set Sy defined as,

My, = Z\/CTH(%) (edl

gives rise to the given set of povms Sg.
Now to check if they give the same statistics,

Py (m) = tr(Mp, oM ) = tr (M My, p) = tx(E;np) = Pse(m).
Which they do seem to do

This means that the description of a certain physical phenomenon with measure
operators is equivalent to one with povms in case all that is used are the statistics
of experiment results.

Why they are lacking

The povms and measure operators are not in a one-one correspondence. Con-
sider the set of measure operators Sy = {UM,,} for some set Sy and some
unitary UEL Then,

e ={MM} = {M'M} = S,

and so both sets of measure operators give rise to the same set of povms.

As they do give rise to the same statistics however, is this unitary freedom of
any consequence? While the statistics for a single experiment are the same, the
statistics for multiple experiments would differ. This shall be explained using
the example of Hs defined above (equation .

4This is well defined as the unitary and measure operators belong to the space of linear
operators on H, L(H).



Consider the sets of measure operators Sy and Sy,

Mo = [0) (0| My = (1) (1
Mo = |1) (0| My = [0) (1].

It can be directly seen that they are unitarily related and the povms obtained
from them are the same.

Consider the density matrix, p = £ |0) (0|+ 2 [1) (1|. The two measure operators
of course give rise to the same statistics as they give rise to the same povms,

Psy,(0) = % = Ps_(0).

M

However, the post-measurement state is different in the two cases,

, MopM

= =10} (0
MM}
/ =11) (1
Po PSM (0) | > < ‘

which gives different statistics for the second experiment.

In fact the probabilities of obtaining 0 twice are not equal,

1
7DSM (Oa 0) = g ?é 0= PSM (Oa 0)
which seems to indicate that while povms are well defined for a single exper-
iment, they are not well defined while conducting multiple experiments. In
order for the post-measurement state to be well defined, generalised measure
operators must be used.

POVMs as Projections

This section shows that a povm on a certain hilbert space gives the same one-
experiment statistics as projective measurments in another (sometimes larger)
hilbert space. An article by Peter Shor[4] was used as reference.

For the rest of the articles a hilbert space of d-dimensions, H = span{|i) }icqo,1...a—1}
shall be fixed (unless otherwise specified). Not that this is the hilbert space of
the actual system, the projective measure hilbert space is sometimes larger.



Rank-1

First consider the case where all the povins are rank-1 operators. So generically
consider the case Sg with,

Er = A\ [¥) (Vn|-

Here the |1;) are assumed to be normalised so that (¢g|vy) = 1|ﬂ The Ags
need to be positive so that positive operators obtain. However, the number
of povis, N = |Sg| = >, rankE,,, need not be the same as d, in fact it is
generally different from

Redefine the states so that,
Er = A [vw) (Vr| = [9k) (Wil
with [¥3) = Vg [vr).

Normalisation condition for the set Sg can be rephrased as,

1= [p) (Wil
k

Now consider the canonical orthonormal basis of H, {[7)}ic{0,1...a—1}- Look at
the matrix,

(Ofwe) — (Olr) ... (Ol _y)
G () (o)

~ : : g :
dx N

NNy @) . (A=)
with Fij = (i]s¢}).

Note,

O = (kll) = (K1 Y _Eall) =D (klva) (el

which means that the rows of F are orthonormal and can thus be extended to
a unitary F using the Gram-Schmidt procedure[3], say,
NxN

~ F ~
. -7'—.d0 -7'—.d1 . -7:d].V—1

Fn-10 Fn-11 ... FN-iN-1

5However, they need not be an orthonormal set. (1;|¢x) need not be Ojk-
1

SHowever, N Z d as 1 spans the entire hilbert space and so must Sg.



so that, L o
FFl=1 = FIF=1,

which means that the columns of F are also orthonormal.

Extend H to H = span{li) bicqo,1...N—13 = H ® span{|i)}ic(a...n—13 and define,

d—1

~— Jj=0
el

N—

—

v T
en =4

Note that

Sp = {P;} = {’lﬁj> <1/;j

which are orthogonal projectors in

2

Consider a state p € H C H with,

p € span{|i) (j|}ijefo...d—1}

35) (9| o5 ()

== tr(Pij;) = tr(

— PSﬁ(j) = PSE(])

which means projective measurements in H give the

in H!

General Rank

N-1
i)y =D Failiy = D10 Gl + Y 1) Fo
J g=d

Vi) + > i) Fi

¢i> are orthonormal as F is unitary. Consider measure operators,

- (5]}

= (¥5]p[¥5)

—_————
as peH

= tr(|v5) (5] o)
= tr(E;p)

same statistics as povims

Now consider povm operators of general rank that obey positivity and normal-

isation,
ZEkzland Ex > 0.
k




as E; > 0, 3 an orthonormal diagonalisation,

Er = Z)‘lk |elk> <elk| = Z ’6;k> <62k|
Ly Ik

With |62k> = ‘/)‘lk |€lk>.
= D> e ) (e | =1
kg

Let N =", rank Ej, and considerﬂ

<(1)|eé> (()|ei1) (0 e;\,_1>
F o_ { |.60> <1|-€1> <1 61.\/—1> 7
;7\//) : : :
( (d—1lep) (d—1]eh) ... (d—1ley_,)

with Fj, = Fia = <Z|€;>
Now extend this to H = span{li) }iefo..n—1y O H. And let, for unitary F,

F

F = . ) .
]}N710 ]:-Nfll ]:-Nlefl
and,
~ d—1 N-1 _
(k) =D Fiw 13) = D> _13) (dler) + > 13) Fin,
~ 7 j=0 j=d
€H
N—-1 ~
= {627>+ |.7>‘FJ7€7
~—— i=d
€M

Note that {|ég,)} are orthonormal which means that |é,) (€,

are projectors

and so are,
i = Z ‘élﬁ> <é/€i ’
ki
leading to the set of orthonormal projectors S- = { ;}.

8For simplicity of notation the double index notation I, would sometimes be represented
with a simple greek letter o with an implicit bijection between the sets {l;} and {0...N — 1}.
It should be clear from context what is being referenced.



Let p e H C H,
— Po- (i) = tr(Tlip) = 3 w1} (@nl o) = Y (@l o)
ki ki
=> (e,
ki
as peH
S (ITSICS
ki

= tr(Egp) = Pse (i)

plek,)

)

For a single experiment, same statistics obtain! Povms on a certain hilbert space
give the same statistics as projective measurments on a larger space.

Generalised Measurements as Projections

This section explores whether even the post-measurement state can be obtained
through projective measurments.

Consider generalised measure operators Sy = {M,,,}. Consider a singular value
decomposition of these measure operators [3],

My = Zgim |ui,,) (Vi |, 00, > 0€R

Tm

Psu(m) = tr(MpmpMf,) =t [ > "> "5 05, |ui,) (0i] p[v5,.) (w5,

bm  Jm

=> o} (vi,lplvi,)-

im

. PN Ca
Consider the operators ’vim> = oy, |vi,,), which implies,

Psu(m) =Y (v, |pli,) - (4)

Tm



and

1= MM = T3 3 ) o)

m ’Lm .]m

= E :E :|”im ”im|

m iy

= = (k1) =D > (k

m iy

7/ nz

Hence a matrix F;; = <z|v3> with orthonormal rows can be defined and can
be extended to unitary,

~ ~ F ~
- Fa Fa e Fan—
F .0 . 1 . - 1
]:_wa Fn-1i oo Fn-in-1

where N = )" rankM,, and a hilbert space H = span{|i) }ie{o...n—1} can be
defined.

Now define,
) d—1 N-—
Vi) = D Fiim 13) = (4],
) = A5 5 - D L)+ e
e
en
and, )
=S 50, (.

For p € H,

Py (m) = tr(“mp) = D (@il p15,,)

im

=2 Gk g P ™)

tm

The post measurement state

In the larger hilbert space #, the post-measurement state is,

0 mp =YD 1T, (B, 2 185,) (9]

tm  Jm

=D 19 (v | o195, ) (@5l

tm  Jm



Consider operator,

Z |’U,im> <1~}im =U,, : /)f[ — H,

which acting on the post-measurement state above gives, noting that §
<’E7;'m ,E.j'm>’

tmJm

Up mp UL = Z Z i, ) (v,

p ’U,;""L> <uj7'L

im  Jm

= O lui,,) (vi, e 95, (s, )
im Jm

= MmpMIn

There are also operators that go ”back”,
D7 156, i | = Uy H A,
7;7n

so that,

9 ~

U M oMU = ]

m?

and one can freely move between H and 7.

This means that projective measurements in # are equivalent to generalised
measure operators in H.
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